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Chapter -1

[ Matrices J

1.1 Introduction

Matrices are the mathematical tools, which can be used for solving the problems arismg in
engineering, physics, economics, statistics and so on. This chapter deals with various types, operations
& properties of matrices and also with the task of finding rank of matrices.

1.2 Recapitulation of Matrices

A rectangular arrangement of numbers along the rows and columns is called a matrix. The
array will be enclosed between the brackets ( ) or [ ]. If there are m number of rows and n number
of columns then the matrix is said to be of the order m * n (read as m by n). The upper case letters
suchas 4, B, C, M, N, X, Y etc. are used to denote a matrix.

For example,
; [2 4 5]
" : 9 0 1 ik

In general,
al I alz ------ a]n
azl azz ...... azn
(1= .
am] amz llllll am mxn

1.3 Types of matrices

1. A matrix in which every element is zero is called a zero matrix, or null matrix or void
matrix.
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0 0]
0 = [0 0 2%x2

A matrix containing only one column is called a column matrix.
3

For example,

C =

W o

Axl
4. A matrix having equal number of rows & columns is called a square matrix

For example,

1
277
I 2x2 1

Note: The elements along left-top corner to right - bottom corner constitute a principal
diagonal.

o AN
e L W

3Ix3

5. Asquare matrix having non-zero principal diagonal elements & all off - diagonal elements 3
zero is called a diagonal matrix

For example,
300
D=10 1.8
0.9 7k,
6. A diagonal matrix with a same clement along the principal diagonal is called ascalar matrix
For example,
500
S=10 5 0
0 0 5

7. A scalar matrix with the diagonal elements equal
matrix

to 1 is called g unit matrix or an identit
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2. “"m"‘Q'u"‘Q*i_‘ .I sociative) . ﬁ t D
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- matrix of orderm *Amnmwmw slement of 4 by .

ntofdbyk.
Fww‘ = i i w s oY ell o

l 2 3 k u 3* boarinn vem 308 b =) A
lfA---2 ﬂlhbl-u 0k

3. mmmmn&éﬁum&amwmmmw

columns of A is equal to the number of rows of B. ie., A is of order m x n & B is of order
n!phh&mﬁﬂuilmdmu*p,wﬂehkdﬁu&smwmn 2
o

crdso ststmmye Al
A5l o ol EVIRE g —
by by '
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2. IfAind’uhuxumﬂhd’«dexxm
3 (A)=A,foranymawrixd.
4 (A+B)=A'+F knymi"ﬂl > bt

-5 W _

IS g.hu-ﬂ
; Wt of aas € B A\ ssnge owl mmﬂ!qillnmﬂ'ﬂllﬂ
(u)-u'.thb.mm Y3 ceon 1o wdiuen ol of Leops 8 A 1o aomles’

6. (w-'l mm . #1900 o 2 anﬁkzmquiwmil’q.llnl

al
1.6 Symmetric matrix g

A-yq-nhd-[qidllnhmif o "‘h"ﬂf‘f‘t"*"“
V‘j e EW b B
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i.e., a” = “ﬁ.’ v i’j
Herice A is symmetric.

1.7 Skew - Symmetric matrix

Mw,{:[ay]'bemaymmwic ‘

If i = j, we have

a, =-—a,

A0
-

s &N 9 Ko ]
4 P
= i &k

-

' J“.'

L e

B S
VAV =

drinm & To sleguine) B4

ie oW b, stvan A

WA labiaviaeno st v dosswis 25

-Wit_ﬂ : ;_..‘!i- W

wrie -‘.—:ln‘;_-_n P My
b @
ﬁ —
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-3 w 25
——AW—:‘ Aord= J

='{(’vﬂ-M¢if£} \.r,.:mn“'u: h -;._
= —{(J, i)* element of 4} @fm) % Jo tirsennts #{ ,‘)_,_.- g r ¥
B Ciob Y T bl 4 ) W
e, a,=-a,Vij LAY R
Thus A is skew symmetric. 1

mmofﬂwﬁl‘mu-hﬁmm a, = | ;
For example,

A=
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where k is any complex number.

.9 Tranjugate of a matrix

The transpose of a conjugate of a given matrix 4 is called the transposed conjugate of A or
jugate of A. It is denoted by A*.

s [l (})'or(:?)

For example,
Sl 7 -3i 1+i 6-2i
dnddst | LB =51 then A*=|[2-i —4i -5
6+2i -5 1+2if . 7 45 1-2i
Note :
1. (4% =4

2. (A+B)*=A*+B*
3. (AB)*=B*A* (Reversal law)

4. (kA)* = k A*, where k is any complex number.

1.10 Hermitian matrix
A square matrix 4 = [a,.),] is said to be Hermitian matrix if
aq = a}" V-',j
Theorem : Every diagonal element of a Hermitian matrix is purely real.
Proof : Let A=[a,] be Hermitian,
a” - aﬂ" Vfu’

Now for the diagonal elements, j = i so that
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ent of 4* = (i, ))* element of 4, ¥, /.
R

Conversely suppose 4 = A* ; -

= A=(Z)'

a, = (i, )™ element of A

11/42



roof : First suppose that the matrix A =[a, ] is skew-Hermitian

= a, =-a, |
= (me d(—Z) JIihing )l.'m"f‘ff'{-’ ook !-D 0 amm
Also, a, = (i, j)* element of A e Lt ;
= (j, i)* element of A' _ | t agg
h(!)“m P W woia i mupessi A
G, iy* element of (~A) = (i, if* element of A' ¥, . . maphed

L1 +7 "|l|-_|

= (A=7 (wdﬂmm‘ s )
= (4 =7 b

12 /42



m*v !|7t_..n,

m:pum-m
: ;’:: . ;raw-bas?f:-.ﬁom!{aﬂit |
T I 3 e & :;i,u}ﬂ Friter sdd el SOgREE
(A+B) =A+F by
= A+B x
ie. (U+B)=(U+B) b Yo tmommde 0 - =
Hence (A + B) is a symmetric matrix. (h—) T Smai
B i _fl
Example 2: b To wewrsis AL 4) =

lfAnlmlamdwwﬁnaA)'nd(A'A)msym ) M (1)

Solution :
w 1 romsls N Y = k- Jhlnnﬂh‘(l
Yy T P SRR

-‘.l
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k- ?ﬂfim (o 4

Example 4: ) Sacanir i
If A and B are symmetric then AB is also symmetric if and or . 7 e ey
Solution : el ¢ mn - ;
Since A and B are symmetric r e A (A -b) wh wole ol 00
ol =
e il e B
First suppose that AB is symmetric.
AB = (4AB)
?) ) €53 -yy' R b)e=

14 /42
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= (4~ A) is skew-symmetric.

7;

For any symmetric matrices 4 and B, show that
(i) (AB+ BA) is symmetric.
(AB~ BA) is skew symmetric.

Since A and B are symmetric,
A=A and B'=B
(i) Consider,
(AB+ BA) = (AB) +(BA)
=B A+AF
= BA+ AB
ie, (AB+BA) =AB+ BA
= (AB + BA) is symmetric.
(i) Consider (4B~ BA) =(AB) - (BAY
=BA-AF
= BA - AB
ie, (AB-BA)' =-(AB- BA)
= (AB - BA) is skew-symmetric.

(1)

(- (4+By=A'+B)
(by Reversal law)
(by (1))

(by Reversal law)
(by (1))
(by taking minus sign common)

Example 8:
3 1=i 2+i

2—-i i 5

Sbowtlm[ln 7 -i}is}lemitianm.

Solution :

[3  1-i 2+i]
Let A=11+%i 17 -
g~ F " ¥

[ 3 1+i 2-i]
= ; =|1=i 7 i
'2+i ~i 5 |

- (1)
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m 15
From (1) and (2), A =-4*
or A* = -4
= A is skew-Hermitian.

Example 10:
Show that the sum of two Hermitian matrices is Hermitian matrix.
Solution :
Let 4 and B be Hermitian matrices.
= A* =AandB*-=8B i (1)
To show that (4 + B) is Hermitian matrix, consider,
(4+By* = (A+B) (v a*=(4))
- (A+B) (- A+B=A+B)
- () + (@) (- (4+B) =4 +5)
— A*+B*
ie, (4+B)*=A4+B (by (1)

= (A + B) is Hermitian matrix.

Example 11:
For any square matrix 4, show that 4 4* and 4*4 are Hermitian matrices.
Solution :
To show that (4 A*) is Hermitian, consider
(AA4%)* = (4*)*4* (Reversal law)
=4 A4* (.‘.(At)t=A)
ie, UL -=AA"
= AA* is a Hermitian matrix.
Similarly it can be easily shown that 4*4 is Hermitian (left as an excercise).

Example 12:
If A and B are Hermitian matrices then 4B is Hermitian if and only if 4B = BA.
Solution :
Since A and B are Hermitian
A* = A and B*=8B e (b
First suppose that AB is Hermitian

18 /42



16
= (A.B). SAB
or AB = (4B)*
- B‘A‘

ie, AB = BA
Conversely suppose that A =54 2
To show that AB is Hermitian, consider,
UBy* = B2 A7
= BA

ie, (4B)* = 4B
Hence AB is Hermitian.

Example 13: '
For any skew-Hermitian matrices 4 and B, show that (4 + B) is also skew-Hermitian_

Solution :
Since A and B are skew-Hermitian,

A* = —A and B*=-B
To show that (4 + B) is skew-Hermitian, consider,

(A+B)* = A*+B*
=—-A-B

ie, (A+B)*=—(4+B)
Hence (4 + B) is also skew-symmetric.

Example 14:
For any Hermitian matrices A and B show that

i) AB+ BA is Hermitian and
i) AB— BA is skew-Hermitian.

Solution :
Since 4 and B are Hermitian matrices

= A* = 4 and B*=B
(i) To show that (4B + BA) is Hermitian, consider
(4B + BA)* = (AB)* + (BA)*
= (B*A4*)+(4 *B*)
i.e, (AB+ BA)*=BA+ AB
Thus (4B + BA) is Hermitian.

—(I)

(v (4+By*=4%+8%)
(Reversal law)
(by (1)

19/42



I .
P S A

l", : . ¢¢;I.u o ghe gy 3
~°~ ‘—. . b i | - S0 .." .' =N L"l;:_ u_‘,‘ll
AL = £ aal v TN ate, TP HEREREE—
: LUSTRERL VI, TR e
1. Since AA™ = 474 =, the sbove definition reveals that 4= 4", |
e, If 4 is onthogonal, its inverse is same as its transpose. €=

: Since A is orthogonal, Ad'= A" A= 1 L -{m‘mt'" B
also since B is orthogonal, = 88" = 8" B =/ | Cosibnw o Wb sanskl
i t-‘I l- . : ’ *g. e YR }luﬂlmﬂrq“mu!tmunw
Consider (AB) (4BY = (AB) (B°4) Meversal lew)
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——f

- A(BB)A
u AL
= AA'
ie, (AB)(AB)=1
Similarly (4B) (4B) = (8'4) (4B)
= B'(A'A)B
= B'IB
-8B

ie, (4B) (4B)=1
ie, (AB)(AB)'= =(A4B) (AB) = — J Hence AB is orthogonal. )L
SunihiynmbcmﬂypowdﬂmtBAmomhogonal(leﬁasanexemse

1.13 Unitary matrix
Any square matrix A is said to be unitary if
A*A =1

Note :

1. If A is unitary A = A*

2. If A 1s unitary then A* is also unitary.
Theorem : If A and B are unitary matrices of the same order then 48 and BA are also unitary,

’ Proof : Since A and B are unitary

A*A =]

and B*B =] .._._m
To show that A3 is unitary, consider 9
(4B)* (4B) = (B* A*) (4B) (Reversal Iy

= B*(A* A)B '

= B*|B

= B*B (dy (1)

-]

(by )

(AB)* (4B)=1
Hence AB is unitary,

Similarly it can be proved that B4 is unitary. (left as an exercise)
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20 uGJhamnmrJ(mthduuu%
EPEORE. ) e Ll o] B 9 0 0 '
91 4344 Aslid. A=3=2|e=g 09 0
D4d=2 4= -2-2 4+4+1 0o 0 9
-0 0
- i e
0 0 1
A'A =1L
Hence given matrix is orthogonal.
L A% B e SIS
Example 3:
it~ CUR A
owthat 577 | Faili -1-i 1 G
Solution :
3 e I 14i B3+i3
i e 7 -./r3_+iﬁ —1-i
B > 1—i S
ﬁ—-f'ﬁ —l+:
L (Z)' - 1 1-i _4q*
232 —1\/_ -—l+1
Consider,
1-—1 —t 1 1+i ﬁﬂ'ﬁ
Aﬂ4= —7= . 3
2 2 —1+i 242 Jf’a_ﬂﬁ —~1-i
s i 1+1+3+3 J§+J§—J§—J§
8 Jj+ﬁ—ﬁ-ﬁ 34+3+1+1
1[8 0 X 1 0
=510 8] 0.1
ie, A*A =7
Hence A is a unitary matrix.
L ——
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e e}
- L]

] b
T i

latrsdo iy ¢

T 1-i  JB-iff] 1 [ 1# JB+i8
4= 35 | -5 -1+ | 22 |BeiB -1-i ]

T8[V3+V3-B-3 3434141

R s
' D e = bt
ie, 4*A4 =1 PR L T o

Hence A is a unitary matrix. i
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3 3 3 ¢
!lz.‘_lzz_!_éz____zl'z == zmiz=zm1 lmagoifo i | B L

I ¢
L S

Lim, + Ly + Lymy = ZLM: =0=er& Z% PR |,

i=l oniind i bk £ 3
L A9 e R (e pe
13 Ot gatl wrl
(1) = 44=|0 1 0] . stary O ',.;L,*._ ahd
0 01 | ' A
ie, A'4=1
Hence A is an orthogonal matrix
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U.G. Math

s

O 00 -

11.

12.

13.

14.

_If A is a symmetri is
" If A is skew-symmetric and k is any positive con

Showthat@y| = o7 S=tlp@)|seL 1 0

. Show that (i) | —i 0 142il, @) [4-2i i

If A is Hermitian matrix and & is a
. For any square matrix 4, show that A* A is Hermitian.
. For any square matrix A show that 4 — A* is skew-Hermitian.

10.

s N
fA4=|4 0 1| show thatA is symmetric
o 18 7

g
1 0 -2|is skew symmetric
=y 2 0

i i ic (k being a constant).
¢ matrix show that k4 is also symmetric ( . '
stant then kA is also skew-symmetric.

e g il

Show that

2 i 1+ 0 5—i =i ‘
are Hermitian matrices.

1-i 2+i 6 i -i 4

i = 2+ 0 —4-2i 1=%
1—2i| are skew-Hermitig

2+i -1+2i =i —1-i =-1=-2i i

matrices.
real constant then show that (kA) is Hermitian.

For any Hermitian matrix A show that (4 + 4) is symmetric and (4 — 4) is skew-symmetr

sin@ —cosO|
Show that is orthogonal.

cos® sinB

1 -2 4 4
Show that 5 4 -2 4 |isorthogonal.
4 4 =2

2i

ol |

i
Show that [21_ } is a unitary matrix.

— AT
Show that e IS @ unitary matrix.

27142



‘Matrices 23

1.14 Determinants

A real valued function from the set of square matrices to the set of real number: is called a

Determinant.

In other words a unique real vnlueassociatedu&thcvaysquarcnm'ixiscaﬂedthe.de-wrmm
If4 i-“'gi‘fe“!!qlﬂll'emau"txthenitsdetcnninmnisexpres.sedbykeepingieselmncntsmﬁnnaPmmf
vertical bars & symbolically it is denoted as |4 (or A).

If A is of order n % n then || is said to be of order n.
Method of evaluation of a determinant

b a, bl al bl
IF lfA — az bz the-n lAl = az bz o albz_ azbl.
a, b
L 1 4 g aq b ¢ c ;¢ a, b,
IfA =|a, b, ¢ |thenld|=|a, b, ¢|= g -

b, o a,; ¢ a; b,

_ a; b« a; by ¢

t & al(bzcs i bacz) = bl(azcs = ascz) + ci(alb’ T a,b,)

f: Note:

" (1) Theabove expansion of 3" order determinant is along the * row. We can expand it along any

+ —_—
row or column by following the sign convention|— + —|.
+ —_—

2. The 4" order determinant is evaluated by expanding it interms of four 3" order determinants.

1.15 Rank of a matrix
If A is m x n matrix, then a determinant of a square sub-matrix of order r x r obtained by
retaining only r-number of rows and columns of 4 is called a minor of 4 of order r.

Note: Each element of 4 is a minor of order 1.
Definition: A matrix A is said to be of rank r if
i) there exists atleast one non-zero minor of order 7.

i) all the minors of order greater than r are zero.
In otherwords, the order of a largest non-zero minor of 4 is called the rank of 4. The rank of

A is denoted by p(4).

1.16 Elementary transformations (Elementary Operations)
The following three operations called as elementary row/column transformations can be
performed on a given matrix.
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can be interchanged (R R)- _
(or column) can be multi

24
(i) Any two rows (or columns)
(i) Every element of any row
(e, R, k.R) )
i lumn) can
(iii) Every element of any row (or co
element of any other row (R—R, t kR)

plied by a non-zero ¢

be added/subtracted with A-times the con

Equivalent matrices :
If B is a matrix obtained by applyu!g
A and B are called as the equivalent matrices

Echelon form
A matrix is said to be in echelon form, if

i) the first non-zero element in any row is unity.
i) all the elements below this leading non-zero entry are zero.

iii) the number of zeros preceeding the leading non-zero entry in any row is less than the nu
of such zeros in the succeeding rows.

iv) all the non-zero rows must appear above the zero rows.

the elementary operations on the given matrix 4
& denoted A ~ B. |

For example:
F=Z934
01 6 7 Pk D 01 0
0-0+ 0 1S 2 1 2] 90,
000 0 0o 0 1] |0 0 O
Normal form

: I 0 /8
A matrix of the form [ 5 O:} or[7, 0] or[ 0:’ or [/ ], where /_is an identity matrix of o

7 X r1s said to be in the normal form.

For example :
R e I
0.0 o] 10 0
90010 -0
0 0
Properties:

L. p(4)=0if4isanull matrix.

2. p(A)21,ifAdisa non-zero matrix.
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Now we apply column operations

A~

. e

. 2 7
EO =1k T

T 0%04

10 0
@ 1l
00 0

0 0 of
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35
atrices

10 90
b 0100 C, > C,—2C;
010
00 01
e, A~[L]
Thuis is the required normal form.
Hence p(A4)=4.

xample : 12
Find the value of a such that the rank of

1 1 0 -1
483 oty s
is 3
2'a @ "9
9%9 3 1°a
slution :
Let
Bl 10 <1
4 4 1 -3
4515 MoP 5
AR gl
B 1 0 -1
0 0 1 1
T LA M) @-2) 0 - 4
0 0 0 (a+9)
(R2—9R2—4Rl;Rj—)R_,'—ZRI;R‘—:»R;‘)RI)
1 1 0 -1
0 (@a=2) 0 4
— 0 0 1 (R,©R)
0 0 0 (a+9)
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